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Abstract. Developed a mathematical model, which makes it possible to optimize, from the point of
view of defect formation, the parameters of stress concentration in a deformable elastic body of the
materials being processed, destruction is considered as a method for creating defects at a
submicroscopic level in various media. Getting expressions of conformal reflection of single circle
on an arbitrary area, using a conformal reflection and transformation of Laplace, it is possible to
design behavior of a tensely deformed state of solid at the arbitrary loading.

Introduction

The problem of stress concentration in a deformable elastic body with various kinds of stress
concentrators is in the field of attention of many researchers - mechanics, metallurgists, materials
scientists. The relevance of this kind of research is determined by the applied nature of the problem.
Regardless of what properties the composite will possess, the foreign phase is a stress concentrator
in terms of strength. With the development of technological parameters of the impulse, I will pour
on the special materials with the method of crushed the necessary protection against the regime,
which allows us to delineate the product under the command of the authorities. [1]

Existing approaches towards research and workings in the area of explosion welding [2-4] are
well defined along with the usage of shock-wave processing as a factor, which stimulates
destruction of powder products of any configuration, with the end purpose of obtaining high quality
powder for further formation, sintering and tool manufacturing of diverse application [5, 6]. Hard
metal powder is used for manufacturing metallurgical and mechanical engineering tools. At present
times, hard metal scrap is being exported outside Ukraine, and the Ukrainian manufacturers are
importing tools. There is sufficient productive capacity within Ukraine itself for recycling scrap and
manufacturing hard metal powder tools of guaranteed quality. The requirement of hard metal alloys
1s estimated at 600-700 tons per year. [7]

Amongst the ways to sort out the challenge may be shock-wave treatment, which ensures high
pressure treatment and load speed of raw material as well as formation of high defect structure [8].

Regeneration oh hard metal alloys is performed through different chemo-thermal and
metallurgical ways, amongst which are oxidation, carbonization and thermal treatment. However,
these approaches show low productivity, are harmful for ecology and high in energy consumption.

Unlike classical mechanical-thermal approaches, which are limited in their physicochemical and
mechanical effects, shock-wave treatment allows to make changes within the structure of material at
all scale levels [9].

The need to assess the effect of shock waves of different intensity on the mechanism of defect
formation and the process of destruction of a heterogeneous medium leads to theoretical studies
[10-15].

The necessity of evaluating the effect of different shock waves strength onto the defects
formation mechanism and the process of destruction of heterogeneous mediums has resulted in
theoretical research. [16-19]
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Goal of the research. To develop mathematical model of destruction of heterogeneous
mediums, which will allow defining critical parameters of shock-wave treatment.

Materials and results of the research. Let’s define the crack as a sinusoid y=sin£%+x],
x €a,b], where [a,b] — segment or length of the investigated crack, points “a” and “b” — it’s end

coordinates according to Cartesian display XOY, with its start placed exactly in the middle of the
positive semi-wave, which has a natural hole with maximum width of 5 (Fig.1).

] N X

Fig. 1. Symmetrical crack-hole

To solve the problem, it is required to set 9 parameters: LA X g, Vg XY H,[a,b],n. It is

necessary to establish the equation of interpolating circles for top arch hole and bottom arch hole
EFHB, UEFH and UABD correspondingly. Let us find the equation of interpolating circle for the
EFH arch. Referring to geometry course, we know that center of the circle lies at the intersection of
perpendiculars, drawn from the medium of the EF and FH segments (pic. 2). Equation of the EF
straight line, as the equation of the straight line, which passes through two points E(x,y,) and

F(0,2+6) is

0-xp A+0-yg

X~ Xg Y—JYE

=0 (1)

VA

Fig. 2. Construction of interpolating circle for the EFH arch

The end equation of the EF straight line after transformation will look as follows

y:—/1+§_yE X+A+0 (2)

Xe

Similarly, we arrive at the equation of the (FH) straight line

y:_ﬂf—_mx+l+5 (3)

Coordinates of point M!, as the medium of EF segment

Xy _yp+A+0
X, —79 Y =T (4)
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Equation of the straight line (M'O!!) shall be sorted as the equation of the perpendicular to the
(EF) straight line intersecting at M!, which can be transformed to

y= Xg x+(/1+5)2_y1%:_x%: (5)
A+6—yp 20+ -y;)

Following same approach, we arrive at the equation of (N'O!!) straight line

y= Xy x+(ﬁ+5)2—y12{—x12{ (6)
A+6—yy 20+5-yy)

Solving two equations (5) and (6), we shall find the coordinates of the center of the interpolating
circle, point O!'! (Xo!!, Yo'!)

(A+8) —xi—yi  (A+6) —yij —xj

o 2Ar+S-y) 24+5-yy) Rl
0" XE _ Xn ’

A+0—yp A+0-yy

2 2 2
v, = Xg X+ (l+5) -V —Xg
A+8—-y, 2A+85-yg)

Defining the radius of the interpolating circle r; as ‘01 ‘F‘ distance

ry =|[FO"| = /X2 +(2+5 -7, ) (8)

Now we can write down the equation of interpolating circle 2> for EFH arch
(X—X011)2+<Y—Y011)2=7'22 (9)

To trace the ¢ parameter, we shall establish the interpolating circle outside ABD arch.
From the equations (9) and coordinates of E(xg, yg) and H(xg, yn) points.

Defining the angles tangent to these circles as well as their differences.

Let us define through

yl:YO, +1[r12—(x—X01)2 ; (12)
y2=Y01, +1lr22—(x—X01,)2 (13)

and find their derivatives at points E and H (fig. 3)

) _d \/ﬁ} Xy

dxl x=xg - dx [YOI ' rlz (x XOI) x=Xp \/7”12 _( E —)0(01 )2 ’ (14)
dy —i v _ 2 _ X on —XE .

d_;x:xE B dx |:Y0” ’ rzz (x XOH) jlx:xE B \/”22 - ((;E _XOII )2 , (15)
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Since functions derivatives in this point equal to tg of their tangents, this means that from (14) +
(15) we can obtain the values of ¢y,0,,0,,0, angles

— X i —x
Pr = arctg[L] ; Op =arcig o % ; (16)
2 2

[2 2
n —Xg

Let us take two complex planes: prototype plane Z and prototype plane W. Let us place our
circular holler from problem 2 on the Z plane and reflect its surface onto the surface of the singular
circle of W plane conforming it in few stages [20].

A broken line transformation

W, =A, S (17)

Realizes conforming reflection of the outer part of the circular holler onto the outer side of «
angle. In fact, the top of a angle on the z' plane shifts to the point #,=0 on the w; plane. By
choosing complex constant A,, it is possible to superpose one of the sides of «, angle from W,

plane with horizontal semi-axes.
Let us turn the angle into the upper semi-plane. This can be done through means of following
transformation

Wy =g, n=T"% (18)

T

If w, =B, exp(i6,),W, =B, exp(i6,), then considering (18) it follows, that B, = B,% , 0, =ﬂ.
n

This way, the side of the angle 4, =0 superposes onto the current semi-axis on the w,, plane, and
the side 6, = (27 —a) superposes to semi-straight line 6, = .
Combining transformations (17) and (18), we can conclude that function

W, = |A, ;_;E : (19)
T “H

Superposes outer part of the circular hole from plane Z onto the upper semi-plane i, .

Let us look into the circle of the singular radius in the plane of complex variable W. Marking
two pints on this circle P, =exp(iy,) and P, =exp(-iy,).. The function realizes the reflection of the

outer part of the singular radius circle onto the upper semi-plane.

WP,
W —P,

W, =A, (20)

Assuming A'#/A, = A, we can conclude that following transformation
W — Py _ Z’—Z;EA @1)
W —Py Z'—zy

gives conforming reflection of outer part of the holler, placed on plane Z onto the outer part of the
circle of the singular radius in the plane W.
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Let us demand for point z =00 to superpose to pointW =, after which, considering (21) it
follows that A = 1. This way, reflecting function for the circular holler type crack will be as follows

W—Py _ z'—zp . 22)
W — Py z'—zly

2

Suppose z), =r, exp(ifiy), zy =r,exp(ify); Pr=expliy;), Py =expliy,), and let point z=r
superpose during the reflection into the point =1, then, considering (22) it follows that

1- exp(i VE ) _ 1= eXP(iﬂE)

1—expliy ) A 1-exp(ify)

Where [-exp(iy ;)= explily ; - 7)]= |y~ exoli(5; -~ )]

and subsequently, v, —7 = Pr-7 (23)
n

and similarly y,, —7 = Py =7 (24)
n

From equation (22) we arrive to the final function of conforming reflection of the circular whole
type crack surface into the singular radius circle

W—exp(i(//E): z'—zp (25)
W—explivy) \z -z

Where

l
—cosa, + X i |,

. : /
Zp =Xp AV, 2y =Xy iV, X, XY e[—acosao +X0n,2
11
Vi,V € [0“, /1+§)cosa0+Y0 ]

We arrive at conforming transformations (25) as functions of two current coordinates x, y and
seven parameters (,A4,0,X,, V., Xy, V.

The expression of the conformal mapping of the unit circle on the considered area — a circular
hole-like crack is equal to z = y():

2, (7 —expliv, ))11 2 (W —expli Ve )
(W —expliy ) =W —expliv )

2W)= . Where |W| <I.

w2 (W)
P W)
1 d

|;( )|d6'?'

When determining the stress concentration, it is found that the latter significantly depends on the

Points on the unit circle will be denoted by . According to exp(2iy)= along the

contour of the whole corresponding to the unit circle we have

curvature of the contour of the well K = d ;'// ds.:K = | )| {1 +Re {O-Z—()H
o

(o)

Thus, having obtained the expression of the conformal mapping of the unit circle onto an
arbitrary region, using the conformal mapping and the Laplace transform, we can simulate the
behavior of the stress-strain state of a solid body under arbitrary loads [21-24].
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Analysis of the got dependences (Fig. 3), shows that at a permanent wave-length with the
increase of amplitude the normal opening of banks diminishes, and a change increases and for every
concrete crack aspires to some value. At identical amplitude with the increase of wave-length the
normal opening and transversal change of banks increase.

CSC, MPa*V m

220 40 60 40 10 120 40 180

Fig. 3. Amplitude of wave, m*107

Summary

Having obtained the expression of the conformal mapping of the unit circle onto an arbitrary
region, using the conformal mapping and the Laplace transform, we can simulate the behavior of
the stress-strain state of a solid body under arbitrary loads. There is a critical wave pressure for
every material, exceeding which may lead to defects formation. Increase of system heterogeneity
leads to the decrease of shock wave critical pressure, resulting in formation of defects and
destruction of material. A mathematical model, which allows optimizing load parameters of the
processed materials considering defects formation, was developed. Getting expressions of
conformal reflection of single circle on an arbitrary area, using a conformal reflection and
transformation of Laplace, it is possible to design behavior of the tensely deformed state of solid at
the arbitrary loading.
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